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Abstract
We show that some decidability questions concerning recognizable sets of integers for abstract numeration systems are
equivalent to classical problems related to HD0L systems. It turns out that these problems are decidable when the sets of
representations of the integers are slender regular languages.
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1. Introduction
Let X be a 6nite alphabet. As usual, X ∗ denotes the free monoid generated by X for the concatenation product
and with identity element , X + = X ∗\{} and X! is the set of right-in6nite words or !-words over X . If L is an
in6nite regular language over a totally ordered alphabet (X;¡), then the triple S = (L; X;¡) is said to be an abstract
numeration system [10]. Enumerating the words of L by the increasing genealogical order induced by the total ordering
of X gives a one-to-one correspondence between the set N of nonnegative integers and the language L. The position of
a word w in the ordered language L is denoted by valS(w) (positions within L are counted from 0), in particular w is
said to be the representation of valS(w). To be complete, recall that if v and w are two words over (X;¡) then v is
genealogically less than w if either |v|¡ |w| or |v|=|w| and there exist p; v′; w′ ∈X ∗, x; y∈X such that v=pxv′, w=pyw′
and x¡y.
This way of representing integers generalizes a wide variety of classical numeration systems like, for instance, the
positional numeration systems built over a linear recurrent sequence of integers whose characteristic polynomial is the
minimal polynomial of a Pisot number [3]. In particular, the k-ary system and the Fibonacci system are of this latter kind.
In this general setting, a question of interest is to study the link between the arithmetical properties of integers and the
syntactical properties of their representations. Therefore, it is natural to study the so-called recognizable sets of integers
(see for instance [10,13]). Let S = (L; X;¡) be an abstract numeration system. Then A ⊆ N is said to be S-recognizable
if there exists a regular language M ⊆ L such that valS(M) = A. For the k-ary system, k¿ 2, a set A ⊆ N having this
property is simply said to be k- recognizable.
In this paper, we are interested in the following decidability questions related to S-recognizable sets of integers.
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Problem 1. Let Si = (Li; Xi;¡i), i = 1; 2, be two abstract numeration systems. Is it decidable, given regular languages
Ki ⊆ Li, i = 1; 2, whether or not
valS1 (K1) = valS2 (K2)?
Problem 2. Let S = (L; X;¡) be an abstract numeration system. Is it decidable, given a regular language K ⊆ L, whether
or not there exists a positive integer k such that
valS(K)
is k-recognizable?
Problem 3. Let S = (L; X;¡) be an abstract numeration system. Is it decidable, given a regular language K ⊆ L, whether
or not
valS(K)
is a 6nite union of arithmetic progressions?
This paper is organized as follows. In Section 2, we show that these problems are equivalent to some well-known
open problems concerning HD0L systems. In particular, this approach gives a new interpretation of these classical HD0L
problems. Next, in Section 3 we show by using N-recognizable series that the 6rst two problems are decidable when K1
and K2 (respectively, K) are slender. Finally, we discuss the structure of the recognizable subsets of N having a slender
language of representations.
2. Equivalent formulations
The problems about abstract numeration systems addressed in this paper are related to some well-known decidability
issues concerning HD0L systems. So 6rst, let us recall some de6nitions. A D0L system is a triple G= (X; h; w) where X
is a 6nite alphabet, h :X ∗ → X ∗ is a morphism and w is a word over X . An HD0L system is a 5-tuple G=(X; Y; h; f; w)
where (X; h; w) is a D0L system, Y is a 6nite alphabet and f :X ∗ → Y ∗ is a morphism. If w is a pre6x of h(w) and the
set {hn(w) | n¿ 0} is in6nite, we denote
h!(w) = lim
n→∞
hn(w):
Similarly, if G=(X; Y; h; f; w) is an HD0L system, w is pre6x of h(w) and the set {fhn(w) | n¿ 0} is in6nite, we denote
!(G) = lim
n→∞
fhn(w):
(For more on HD0L systems we refer to [9].)
The HD0L !-equivalence problem is stated as follows. If Gi = (Xi; Yi; hi; fi; wi), i = 1; 2, are two HD0L systems such
that !(Gi), i = 1; 2, exist, is it possible to decide whether or not
!(G1) = !(G2)?
In the aKrmative case, the two HD0L systems G1 and G2 are said to be !-equivalent. To show that the HD0L
!-equivalence problem is equivalent to Problem 1, we need a small lemma saying that we can assume that w is a
letter.
Lemma 1. Let G=(X; Y; h; f; w) be an HD0L system such that !(G) exists and |w|¿ 1. Then there exists an !-equivalent
HD0L system G′ = (X ′; Y; h′; f′; ) where ∈X ′ and  is pre8x of h′().
Proof. Assume that h(w) = wu for some u∈X + and w= w1 · · ·w‘, ‘¿ 2, with wi ∈X for 16 i6 ‘. First, observe that
hn(w) = wuh(u) · · · hn−1(u) for all n¿ 1:
Let us introduce ‘ + 1 new letters ; w01 ; : : : ; w
0
‘ which do not belongs to X . The alphabet X
′ is de6ned by X ′ = X ∪
{; w01 ; : : : ; w0‘}. The morphism h′ :X ′∗ → X ′∗ is de6ned as follows:
h′ :  → w01 ; w01 → w02 ; : : : ; w0‘−1 → w0‘; w0‘ → u;
and for x∈X , h′(x) = h(x). Clearly,
lim
n→∞
h′n() = w01 · · ·w0‘uh(u)h2(u)h3(u) : : : :
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To conclude the proof, we need to de6ne f′ by f′() = , f′(w0i ) = f(wi) for 16 i6 ‘ and f
′(x) = f(x) for x∈X . It
is obvious that f′(h′!()) = f(h!(w)).
Before giving the proof of the next result, recall that a sequence u=(u(n))n¿0 over an alphabet Y is S-automatic for some
abstract numeration system S = (L; X;¡) if there exists a deterministic 6nite automaton with output A= (Q; q0; X;  ; Y; !)
such that for all n¿ 0, u(n)∈ Y is the output given by A when reading wn = val−1S (n)∈ L [12]. More precisely, if
 :Q × X ∗ → Q (resp. ! :Q → Y ) is the transition (resp. output) function of A then u(n) = !( (q0; wn)).
Proposition 2. Problem 1 and the HD0L !-equivalence problem are equivalent.
Proof. (a) Let S = (L; X;¡) be an abstract numeration system and let K ⊆ L be a regular language. The characteristic
sequence ("S;K (n))n¿0 ∈{0; 1}! of valS(K) is de6ned by "S;K (n) = 1 iM n∈ valS(K), i.e., if the nth word in the ordered
language L belongs to K . Since K is regular, "S;K is S-automatic and therefore generated by an HD0L system, see [12]
for details. Consequently, if the HD0L !-equivalence problem is decidable then so is Problem 1.
(b) Let G=(X; Y; h; f; w) be an HD0L system such that !(G) exists. Thanks to Lemma 1, we may assume that w∈X .
Thanks to a well-known result, we can even assume that h is nonerasing and that f is a coding [1]. Therefore, we are
exactly in the same setting as in [14] where it is shown that for any HD0L system G = (X; Y; h; f; w) where w is a
letter, h is nonerasing and f is a coding, the !-word f(h!(w)) is an S-automatic sequence for some abstract numeration
system S. This concludes the proof.
Problems 2 and 3 are also equivalent to problems related to HD0L systems. Recall that an HD0L system G=(X; Y; h; f; w)
is uniform if f is a coding and there exists a positive integer k such that for all x∈X , |h(x)|= k. In this case, k is the
length of G.
In Proposition 3 the determining of the integers k with the desired property (if they exist) is regarded as a part of the
problem.
Proposition 3. Problem 2 is equivalent to the problem of deciding whether or not a given HD0L !-word is generated
by a uniform HD0L system.
Proof. One can use the same arguments as in the proof of Proposition 2. Notice that the characteristic sequence of a set
A ⊆ N is generated by a uniform HD0L system of length k¿ 2 if and only if A is k-recognizable [5].
Similarly, we get the following result.
Proposition 4. Problem 3 is equivalent to the problem of deciding whether or not a given HD0L !-word is ultimately
periodic.
Remark 5. Notice that in the special case of the k-ary systems, Problems 1 and 3 restrict to decidable problems, see [4,6].
3. Decidability results
In this section, we show that Problems 1 and 2 are decidable when the considered recognizable subsets of N give rise
to slender languages of representations. Recall that a language K ⊆ X ∗ is slender if there exists an integer n0 such that
for all n∈N, #(K ∩ X n)¡n0.
We mainly adopt the terminology of [2] concerning rational and recognizable series. Recall that the image of a formal
series is the set of its coeKcients.
Lemma 6. Let S=(L; X;¡) be an abstract numeration system and let K ⊆ L be a slender regular language. Then there
exists an N-rational series
r =
∞∑
n=0
anz
n ∈N〈〈z〉〉
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such that
Im(r) = {valS(w) |w∈K} ∪ {0}:
Furthermore, if am and an are nonzero and m = n, then am = an.
Proof. By [13], the series
∑
w∈L
valS(w)w∈N〈〈X 〉〉
is N-recognizable. Because K is a regular language, the series
∑
w∈K
w∈N〈〈X 〉〉
is N-recognizable. Because the Hadamard product of two N-recognizable series is N-recognizable, the series
∑
w∈K
valS(w)w =
∑
w∈L
valS(w)w 
∑
w∈K
w
is N-recognizable.
Next, because K is slender, K is a disjoint 6nite union of languages of the form w1w∗2w3 (see [11,15]), say,
K =
t⋃
i=1
wi1w
∗
i2wi3:
For 16 i6 t, denote
Ki = wi1w
∗
i2wi3 and ri =
∑
w∈Ki
valS(w)w:
Proceeding as above we see that every ri is N-recognizable.
Now, de6ne the morphism h :N〈〈X 〉〉 → N〈〈z〉〉 by h(x) = zt for x∈X . Denote
r =
t∑
i=1
zih(ri)∈N〈〈z〉〉:
By construction, r is N-recognizable and
Im(r) =
t⋃
i=1
Im(ri) ∪ {0}=
t⋃
i=1
{valS(w) |w∈Ki} ∪ {0}= {valS(w) |w∈K} ∪ {0}:
Indeed, let 16 i6 t. If u; v∈Ki, u = v then |u| = |v| and in the series h(ri) these two words will correspond to diMerent
terms, namely, valS(u)zt|u| and valS(v)zt|v|. Finally, notice that if 16 i ¡ j6 t, u∈Ki and v∈Kj then in the series r
these words will lead to diMerent terms, namely, valS(u)zt|u|+i and valS(v)zt|v|+j .
Next, we recall two earlier results. Suppose s = (s(n))n¿0 is a sequence over N. Then we denote
I(s) =
∞∑
n=0
zs(n) ∈N∞〈〈z〉〉:
(Here N∞ = N ∪ {∞} equipped with the natural operations.) Hence, for an integer m¿ 0, the coeKcient of zm in the
formal power series I(s) indicates the number of integers n¿ 0 such that s(n) = m.
Theorem 7. It is decidable, given N-rational sequences s = (s(n))n¿0 and t = (t(n))n¿0, whether or not
I(s) =I(t):
Theorem 8. It is decidable, given an N-rational sequence s, whether or not there is an integer k¿ 1 such that Im(s) is
k-recognizable.
For the proof of Theorem 7 (resp. Theorem 8) see [8] (resp. [7]).
J. Honkala, M. Rigo /Discrete Mathematics 285 (2004) 329–333 333
Theorem 9. Let Si = (Li; Xi;¡i), i = 1; 2, be two abstract numeration systems. It is decidable, given slender regular
languages Ki ⊆ Li, whether or not
valS1 (K1) = valS2 (K2):
Proof. The claim follows by Lemma 6 and Theorem 7.
Theorem 10. Let S = (L; X;¡) be an abstract numeration system. It is decidable, given a slender regular language
K ⊆ L, whether or not there is an integer k¿ 1 such that valS(K) is k-recognizable.
Proof. The claim follows by Lemma 6 and Theorem 8.
Remark 11. We say that A ⊆ N has logarithmic density if there exists C¿ 0 such that for n large enough
+A(n) := #{x∈A | x6 n}6C log n:
If n is a nonnegative integer, denote X6n =
⋃n
i=0 X
i. A language L ⊆ X ∗ is said to be exponential if there exist N¿ 0,
C¿ 0 and -¿ 1 such that
#(L ∩ X6n)¿C-n
for all n¿N .
Let now S = (L; X;¡) be an abstract numeration system where L is an exponential regular language and let A ⊆ N be
an S-recognizable subset. Then the set A has logarithmic density if and only if val−1S (A) is slender. The proof of this fact
is left to the reader.
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